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Robot LocalizationRobot Localization

LocalizationLocalization a a keykey problemproblem

AvailableAvailable location informationlocation information

Relative Relative MeasurementsMeasurements
DrivingDriving: : wheelwheel encodersencoders, , accerelometersaccerelometers, gyroscopes, gyroscopes
FrequentFrequent, but , but increasingincreasing errorerror

AbsoluteAbsolute MeasurementsMeasurements
SensingSensing: GPS, vision, laser, landmarks: GPS, vision, laser, landmarks
LessLess frequentfrequent, but , but boundedbounded errorerror
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ProbabilisticProbabilistic LocalizationLocalization

ProbabilisticProbabilistic approachapproach
ConsiderConsider wholewhole spacespace ofof locationslocations

BeliefBelief
Bel( Bel( xxkk ) = P( ) = P( xxkk | d| d11, ... , , ... , ddkk ))
GetGet beliefbelief as as closeclose to real distribution as possibleto real distribution as possible
Prior Prior BeliefBelief

BelBel--( ( xxkk ) = P( ) = P( xxkk | z| z11, a, a11, ... , z, ... , zkk--11, a, akk--1 1 ))

Posterior Posterior BeliefBelief

BelBel++( ( xxkk ) = P( ) = P( xxkk | z| z11, a, a11, ... , z, ... , zkk--11, a, akk--11, , zzkk ))
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ProbabilisticProbabilistic LocalizationLocalization

LocalizationLocalization equationsequations::
BelBel--( ( xxkk )) == P( P( xxkk | z| z11, a, a11, ..., z, ..., zkk--11, a, akk--1 1 ))

= = ∫∫ P( P( xxkk | a| akk--11, x, xkk--1 1 ))· · BelBel++( x( xkk--1 1 ) dx) dxkk--11

BelBel++( ( xxkk ) ) = = P( P( xxkk | z| z11, a, a11, …, z, …, zkk--11, a, akk--11, , zzkk ))

ImplementationImplementation IssuesIssues::
Motion model: Motion model: P( P( xxkk | a| akk--11, x, xkk--1 1 ))
MeasurementMeasurement model: model: P( P( zzkk | | xxkk ))
RepresentationRepresentation ofof beliefbelief

P( P( zzkk | | xxkk ) ) BelBel--(( xxkk ) ) 
P( P( zzkk | z| z11, a, a11, …, z, …, zkk--11, a, akk--11 ))=

Markov 
Assumption
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KalmanKalman FiltersFilters

Representation of beliefRepresentation of belief
Gaussian functionGaussian function
Mean and (Mean and (co)varianceco)variance
Initial belief: Initial belief: BelBel( x( x00 ) = N( x) = N( x00, P, P00 ))

Motion modelMotion model
xxkk = Ax= Axkk--11 + Ba+ Bakk--11 + w+ wkk--11, where w, where wkk ∼∼ N( 0, N( 0, QQkk ))

P( xk |ak-1, xk-1 ) = N( Axk-1, Qk )

Measurement modelMeasurement model
zzkk = = HxHxkk + + vvkk, where , where vvkk ∼∼ N( 0, N( 0, RRkk ))

P( zk|xk ) = N( Hxk, Rk )
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KalmanKalman FiltersFilters

Representation of beliefRepresentation of belief
Gaussian functionGaussian function
Mean and (Mean and (co)varianceco)variance
Initial belief: Initial belief: BelBel( x( x00 ) = N( x) = N( x00, P, P00 ))

Motion modelMotion model
xxkk = Ax= Axkk--11 + Ba+ Bakk--11 + w+ wkk--11, where w, where wkk ∼∼ N( 0, N( 0, QQkk ))
P( P( xxkk |a|akk--11, x, xkk--1 1 ) = N( A) = N( Axxkk--11, , QQkk ))

Measurement modelMeasurement model
zzkk = = HxHxkk + + vvkk, where , where vvkk ∼∼ N( 0, N( 0, RRkk ))
P( P( zzkk|x|xkk ) = N( ) = N( HxHxkk, , RRkk ))
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KalmanKalman FiltersFilters

Prior belief: Prior belief: BelBel--( ( xxkk ) = N(     ,       )) = N(     ,       )
Prior localization estimate:

Prior uncertainty::

Posterior Posterior beliefbelief: Bel: Bel++( ( xxkk ) = N(     ,        )) = N(     ,        )
Posterior localization estimate:

Posterior uncertainty:

^̂xxkk
-- PPkk

--

^̂xxkk
++ PPkk

++
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KalmanKalman FiltersFilters

Prior belief: Prior belief: BelBel--( ( xxkk ) = N(     ,       )) = N(     ,       )

Prior location Prior location estimateestimate::

Prior Prior uncertaintyuncertainty::

Posterior Posterior beliefbelief: Bel: Bel++( ( xxkk ) = N(     ,        )) = N(     ,        )

Posterior location estimate:Posterior location estimate:

Posterior uncertainty:Posterior uncertainty:

^̂xxkk
-- PPkk

--

^̂xxkk
++

PPkk
++

^̂xxkk
--

PPkk
--

^̂xxkk
++ PPkk

++
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KalmanKalman FiltersFilters

Prior belief: Prior belief: BelBel--( ( xxkk ) = N(     ,      )) = N(     ,      )

= A= A·· + B+ B··

= A= A·· · · AATT + B+ B·· · · BBTT + Q+ Qkk--11

^̂xxkk
-- PPkk

--

^̂xxkk
-- ^̂xxkk--11

++ ^̂aakk--11

PPkk
-- PPkk--11

++ UUkk--11
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KalmanKalman FiltersFilters

Prior belief: Prior belief: BelBel--( ( xxkk ) = N(     ,      )) = N(     ,      )

= A= A·· + B+ B··

= A= A·· · · AATT + B+ B·· · · BBTT + Q+ Qkk--11

^̂xxkk
-- PPkk

--

^̂xxkk
-- ^̂xxkk--11

++ ^̂aakk--11

PPkk
-- PPkk--11

++

Last relative 
measurement

Prior location 
estimate Posterior 

location estimate

UUkk--11
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KalmanKalman FiltersFilters

Prior belief: Prior belief: BelBel--( ( xxkk ) = N(     ,      )) = N(     ,      )

= A= A·· + B+ B··

= A= A·· · · AATT + B+ B·· · · BBTT + Q+ Qkk--11

^̂xxkk
-- PPkk

--

^̂xxkk
-- ^̂xxkk--11

++ ^̂aakk--11

PPkk
-- PPkk--11

++

Last relative 
measurement

Prior location 
estimate

Prior 
uncertainty

Posterior 
uncertainty

Relative 
measurement 
uncertainty

Motion 
uncertainty

Posterior 
location estimate

UUkk--11
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KalmanKalman FiltersFilters

Posterior belief: Posterior belief: BelBel++( ( xxkk ) = N(      ,       )) = N(      ,       )

=      + =      + KKkk· · ( ( zzkk − H− H·      )·      )

KKkk =      =      · · HHTT· · ( H( H·    · H·    · HTT + + RRkk ))−1−1

= ( I − = ( I − KKkk· H )· · H )· 

^̂xxkk
++ PPkk

++

^̂xxkk
++ ^̂xxkk

-- ^̂xxkk
--

PPkk
--PPkk

--

PPkk
++ PPkk

--
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KalmanKalman FiltersFilters

Posterior belief: Posterior belief: BelBel++( ( xxkk ) = N(      ,       )) = N(      ,       )

=      + =      + KKkk· · ( ( zzkk − H− H·      )·      )

KKkk =      =      · · HHTT· · ( H( H·    · H·    · HTT + + RRkk ))−1−1

= ( I − = ( I − KKkk· H )· · H )· 

^̂xxkk
++ PPkk

++

^̂xxkk
++ ^̂xxkk

-- ^̂xxkk
--

PPkk
--PPkk

--

PPkk
++ PPkk

--

Residual

Prior state 
estimate

Kalman
Gain True 

measurement
Measurement 

prediction
Posterior state 

estimate
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KalmanKalman FiltersFilters

Posterior belief: Posterior belief: BelBel++( ( xxkk ) = N(      ,       )) = N(      ,       )

=      + =      + KKkk· · ( ( zzkk − H− H·      )·      )

KKkk =      =      · · HHTT· · ( H( H·    · H·    · HTT + + RRkk ))−1−1

= ( I − = ( I − KKkk· H )· · H )· 

^̂xxkk
++ PPkk

++

^̂xxkk
++ ^̂xxkk

-- ^̂xxkk
--

PPkk
--PPkk

--

PPkk
++ PPkk

--

Residual

Prior state 
estimate

Kalman
Gain True 

measurement
Measurement 

prediction
Posterior state 

estimate

Measurement residual 
uncertainty
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KalmanKalman GainGain
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KalmanKalman FiltersFilters

Posterior belief: Posterior belief: BelBel++( ( xxkk ) = N(      ,       )) = N(      ,       )

=      + =      + KKkk· · ( ( zzkk − H− H·      )·      )

KKkk =      =      · · HHTT· · ( H( H·    · H·    · HTT + + RRkk ))−1−1

= ( I − = ( I − KKkk· H )· · H )· 

^̂xxkk
++ PPkk

++

^̂xxkk
++ ^̂xxkk

-- ^̂xxkk
--

PPkk
--PPkk

--

PPkk
++ PPkk

--

Residual
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Extended Extended KalmanKalman FilterFilter

Nonlinear motion and measurement modelsNonlinear motion and measurement models

Linearization around estimated trajectoryLinearization around estimated trajectory
Partial derivatives of nonlinear model for A, B, HPartial derivatives of nonlinear model for A, B, H
Close to linear over uncertainty regionClose to linear over uncertainty region

DrawbacksDrawbacks
Evaluation at every time stepEvaluation at every time step
Linearization errorsLinearization errors
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KalmanKalman LocalizationLocalization

Localization instancesLocalization instances

Position Tracking Position Tracking 
Initial belief with peak at true initial locationInitial belief with peak at true initial location

Global LocalizationGlobal Localization
Initial uniform beliefInitial uniform belief

Kidnapped RobotKidnapped Robot
Initial belief with peak far from true locationInitial belief with peak far from true location
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Position TrackingPosition Tracking
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Position TrackingPosition Tracking
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Position TrackingPosition Tracking
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Infrequent MeasurementsInfrequent Measurements
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KalmanKalman LocalizationLocalization withwith
LandmarksLandmarks

Uniquely identifiable landmarks Uniquely identifiable landmarks 
1:1 correspondence1:1 correspondence

Type identifiable landmarksType identifiable landmarks
1:n correspondence1:n correspondence
KalmanKalman Filter framework extensionFilter framework extension

Multiple state beliefsMultiple state beliefs
Probability for each beliefProbability for each belief
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Type Identifiable LandmarksType Identifiable Landmarks
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Type Identifiable LandmarksType Identifiable Landmarks

500

1000

1500

2000 80

90

100

110

120

130
0

1

2

3

4

5

6

x 10
−3



26-9-2003 27Robot Localization and Kalman Filters

Type Identifiable LandmarksType Identifiable Landmarks
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Type Identifiable LandmarksType Identifiable Landmarks

500

1000

1500

2000 80

90

100

110

120

130
0

0.005

0.01

0.015

0.02

0.025



26-9-2003 29Robot Localization and Kalman Filters

Type Identifiable LandmarksType Identifiable Landmarks
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SummarySummary & Future& Future

SummarySummary
Describing theory of localization and Describing theory of localization and KalmanKalman FiltersFilters
Illustrating applications of Illustrating applications of KalmanKalman Filter to localization problems Filter to localization problems 
Extension of Extension of KalmanKalman Filter framework to multiple beliefsFilter framework to multiple beliefs

Future workFuture work
Practical application to robotsPractical application to robots
Possibilities of Possibilities of KalmanKalman Filter extensionFilter extension

Website: Website: http://http://www.negenborn.net/kal_locwww.negenborn.net/kal_loc//
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The end.The end.


